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Dielectric relaxation in polar nematic liquid crystals
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The relationship between the complex dielectric permittivity tensor of a polar
nematic liquid crystal and the autocorrelation matrix for the permanent dipole
moment of a molecule is obtained. The theory is applicable to the whole frequency
range which characterizes orientational relaxation in liquid crystals (up to
~ 5 THz). The models of rotational diffusion and extended rotational diffusion in a
mean field nematic potential are used to evaluate the dielectric absorption and
dispersion in nematics.

1. Introduction

Dielectric/far infrared (0—THz) spectroscopy is one of the techniques available to
probe molecular reorientations in liquid crystals [ 1, 2]. However, as for isotropic polar
dielectrics, the amount of information about molecular reorientation depends, in
principle, on the level of development of the molecular dielectric relaxation theory.

In recent years the molecular theory of dielectric relaxation in highly polar isotropic
liquid dielectrics has been developing. The important aspect of this is that the theory
has taken into account intermolecular correlations explicitly (e.g. [3-7]). On this basis
molecular models which account for intermolecular correlations between dipolar
molecules (rotational diffusion [3,7], three-variable theory [1, 3,4], etc.) have been
elaborated. The theory for nematic liquid crystals [1, 2, 5] is not so advanced. In some
cases radio/far infrared dielectric spectra of liquid crystals have been analysed in the
framework of models of molecular reorientations in isotropic liquids [8,9]. However,
such models are not able to explain the anisotropic properties of liquid crystal dielectric
parameters. On the other hand there are a few molecular models of molecular
reorientation in anisotropic dielectrics which are based on the rotational diffusion
equation [10-14]. Unfortunately, these models are only applicable to the low
frequency limit [1]. In addition, in many cases intermolecular interactions between
dipolar molecules are not taken into account; this is strictly valid only for dilute
solutions of polar molecules in non-polar solvents.

In the present paper we elaborate a molecular theory of dielectric relaxation in
polar nematic liquid crystals in the framework of another approach [5,15]. This
approach, based on the memory function formalism [16], allows us to relate the
complex dielectric permittivity tensor

£5(0) = &} {0) + ig}fo),

to the molecular dipole autocorrelation matrix taking into account intermolecular
correlations between dipolar molecules via equilibrium correlation orientation
parameters.

0267-8292/91 $3-00 © 1991 Taylor & Francis Ltd.
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To evaluate the components of the molecular dipole autocorrelation matrix two
models are used. These are the rotational diffusion and extended rotational diffusion in
a mean field potential. (We use the word extended since the model in question may be
considered as a generalization of the well-known extended diffusion (J-diffusion) model
developed by Gordon {{].) In the mean field approximation it is assumed that every
molecule interacts with a static potential U. In spite of its limited sphere of
applicability, the mean field approximation has clear physical interpretation and
allows us to make quantitative estimates of liquid crystal dielectric parameters. The
rotational diffusion model is only applicable to the low frequency range (wt) < 1, where
¥ is the macroscopic orientational relaxation time). The model of extended rotational
diffusion in a mean field potential {17, 18] is an example of a model which may be used
in the high frequency range (up to ~ 5 THz) as well. We examine a particular case of this
model applying to liquid crystals, viz., the extended rotational diffusion in the Maier—
Saupe potential [19]

U(B)= —U,cos? 8,

where U, is a constant and 0 is the polar angle made by the molecule with the director.
Note that the rotational diffusion in the Maier—-Saupe potential is considered in
[10,13,19].

In §2 the general formula for the complex dielectric permittivity tensor &f{w) is
presented. In §3 the relationship between &f{w) and the tensor molecular dipole
correlation function is obtained. Section 4 contains a discussion of the model of
rotational diffusion in a mean field potential. The extended rotational diffusion model
in the Maier—Saupe potential is considered in § 5 where an analytical solution is given
for the anisotropic case.

2. Dielectric spectra and correlation functions
With respect to a laboratory coordinate system (x, y, z) in which the director n
defines the z direction, the dielectric perm1tt1v1ty tensor e¥{(w) is diagonal and has only
two independent components, viz., ef(w)=¢¥(w) and e¥(w)=¢¥(w)=¢¥*(w). Other
components equal zero. In the zero wavevector limit, the components of the complex
dielectric permittivity tensor

eX(w) =g (w)+iey(w),

of a polar nematic liquid crystal are given by [1,20]

et~ =) [¢”(0)+zw f ¢"(t)exp(zwt)dt] y=ILl,
where

RYO={MOM 1), (y=], L),

are the macroscopic autocorrelation functions of the parallel and perpendicular
components of the dipole moment per unit volume M, the brackets { ) indicate an
equilibrium ensemble average, n), is the infrared refractive index and R,(w) is the
internal field factor connecting the local and applied electric fields. The dipole moment
M of an ensemble of N interacting dipolar molecules is defined as

M= 3 mo)
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where u is the dipole moment vector of the ith molecule. Hence
N
Y (0)= < D) ) M.Y(O)u}(t)> s (=Il,L) @
Lj=

For the model of an ellipsoidal cavity surrounded by an infinite dielectric continuum
with the same complex permittivity tensor £¥(w) the internal field factor R (w) is given
by [20]

R (w)=¢}(w)/{e}(w)— o (0)e}(w) - ()1}, )

where o (w) are the components of the depolarization tensor which are defined as

_ a.a,q, ®© ds
2wk (w)eEs(@)] ) o [s+a;/eH(@)]D(s)’

a,(w)

with
D(s)* =[5+ a2/e* ()]s + a} /el ()]s + af /e (w)];

a; are the semi-axes of the ellipsoidal cavity. Another equation for R, (w) may be
obtained from equation (28) of [20] but only by making the unrealistic assumption that
the permittivity tensor eX(w) for the material surrounding the cavity is {requency
independent and equal to the static tensor &¥(0) [20]. In this case we have

_eH0)—0,0)[£(0)— e}(@)]
57(0) = ,(00e} 0)— (1,1

R(w) 4

According to these equations even when the macroscopic autocorrelation functions are
known it is still not possible to calculate the complex permittivity because the
depolarization tensor depends on the sample cavity dimensions which are arbitrary.
This dependence on the geometry of the sample is an unsatisfactory feature of the
analysis but one which also occurs for isotropic media [20]. However, as pointed out in
[20] it does not present a major problem in the case under consideration when the
cavity contains many molecules for then its shape is immaterial and it is expedient to
choose a spherical sample since the depolarization tensor is independent of its size.

Edwards and Madden [14] have criticized the approach of calculating the
permittivity tensor based on equation (1) from the point of view that when the cavity
concept is used in a theory it is very difficult to see how dipole—dipole correlations can
be used systematically to relate the frequency dependence of the permittivity to
reorientations of single molecules. In [14] they have generalized for the anisotropic
case the Sullivan and Deutch theory [6] of dielectric relaxation in isotropic polar
media. In this theory neither a cavity nor an internal field factor are used explicitly.
However, as we shall show the theory of Edwards and Madden predicts actually the
same result as given by equation (1) for the internal field factor R (w) defined by
equation (4) with (n2)?=1 (in {14] a system of non-polarizable molecules was
considered). In the present paper results will be given in the form which is consistent
with both approaches.

Note that only low frequency (relaxational) molecular processes are displayed
clearly in the frequency dependence of e¥(w), whereas it is very difficult to obtain high
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frequency behaviour of liquid crystals. In the high frequency region it is more suitable
to analyse the absorption coefficient [1]

o (@) =2 % Im {/[*(@)]},

(5)
_ wey(w)
" enfw)’
where
n(w)=Re {{/[e}w)]},
_ (V) + &2 @)] +Efw)
2 >
is the refractive index and ¢ is the speed of light.
3. Relationship between &¥(w) and the molecular dipole correlation function
For any correlation function
¢ A1) =<AQ)A@)>,
of a dynamic variable A(t), the function ¢7(z) obeys the equation [16]
d 1
i Y= — L K—0)¢f)dr, (r=I,L1), (6)

where

(M,(0)|Q, exp(—i0,L0,00,I1M,0)> o
(M (0)|M,(0)) ’

is the memory function of the correlation function ¢(1)

KYt)=

N
MO)= 3. WO} M 0)=5 M,Oh=o

L is the Liouville operator
IM(8)> =exp(—iLOIM,(0)>, 0,=1-P,
and
B, =|M,(0)>{M,(0)|M,(0)) ~'{M,(0),
is the projection operator which effects the variables 4 and B according to the rule
(AIP,|B) = (AIM (0)>{M,(0)]M,(0)> ~ < M,(0)|B),

where (A|B) denotes the scalar product of the two vectors {A| and |B) in the Hilbert
space of dynamic variables and {A|B)={AB) by definition [16].
The one sided Fourier transform of equation (6) yields

Fe)= PO~ i+ KY(w)], ®

>N w© N
ot ], {efufrena

where
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Substituting this equation into equation (1) we obtain
gf(@)—(nk) _ 4ngl(0)
R(w)  kT[1—iw/KNw)]
This equation yields the relationship between components of the complex permittivity
£¥(w) and memory function spectrum K ~(w) tensor. As shown in Appendix A equation
(9) with R,(w) defined by equation (4) can be simplified to
£H@)— (L, _ 1
eH0)— () 1—iws (0)[ef(0)—(n)*]’

©

(10)

where

kT
4ndN(0)KNw)

For non-polarizable molecules (i.e. n, = 1) this equation coincides with that predicted
by the theory of Edwards and Madden [14].

The memory function K¥(¢) has the structure of the correlation function of the
variable M.(t), however there are some differences. Namely, only the part of M. (0)
orthogonal to M (0), viz. Q},IM [0)), enters into the definition of the memory function

K™(t) (see equation (9)). In addition, the dynamic operator Q,LQ7 is the projection of
the Liouville operator L corresponding to the fluctuations of M,(0). Since slow
fluctuations of M, are excluded from the dynamic operator QYLQy whlch determines
the relaxation of the memory function K }(¢), the latter decays very rapidly compared to
¢, (1) [16].

Since {M,(0)M,(0)> =0 [16] and

d
E”i(t) =) x u(®)], 1n

s)(w)=

where Q) is the angular velocity of ith molecule, it can be shown that the memory
functions K () and K N(t) are represented as the sums of the terms

Clie)=C<[Q0) x p(0)] [Rt,) X ut,)] > (12)
Cij(t)=C*<[2(0) x u(0)] . [Rt,) x ut)]L)» (13)

respectively, where C'l and C* are constants, the subscript p on the time variable ¢
indicates the projected time dependence specified by the relation [3]

|A(t,)> =exp(—i0,L0,0]4(0)).

Since the dynamic angular velocity correlations of different molecules are absent at
t=0 at equilibrium, i.e. {Q,(0)Q,0)> =0 if i#j (m=Xx, y,z), the contribution of terms

Cl{t) with i#j to the memory function K M) is probably much smaller than that of
terms with i=j at an arbitrary time ¢. It is frequently argued that dynamic angular
velocity correlations between different molecules may be ignored in isotropic liquids
(e.g. [21,22]). Experimental evidence that these correlations between different mole-
cules in liquid crystals are small has been given by light scattering experiments [23].
Gierke and Flygare [23] have shown that the dynamic angular velocity correlations
are very small for second rank properties. However, since they give the sufficient
condition we assume that dynamic correlations are also small for first rank properties.
This assumption can also be justified theoretically for isotropic dielectrics [3].
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Thus, neglecting the dynamic angular velocity correlations in equation (9) and
taking into consideration that slow fluctuations of M, are excluded from the dynamic
operator QvI:Q,, we obtain from the exact equations (6) and (7) the following
approximate equations for the macroscopic correlation function ¢(t) and the memory
function K (1)

i<J5’y"(t)= —g,! J t K=ty () dr, (14)
dt o
and

KNt =g, 'K3(0). (15)

Here K(t) is the memory function of the normalized molecular dipole correlation
function

(1) = ulOp(£)>/<ui(0)*D,

the memory function K3(¢) is also defined by equation (7) where the macroscopic
moment M, is everywhere changed to the molecular dipole moment y}

o=( & 0w [( £ wor), "

i,j=1

is the static equilibrium orientational correlation factor (an analogue of the Kirkwood
g factor in isotropic liquids) characterizing the intermolecular interactions and the
local structure of a liquid crystal.

. The functions C.(t) and Ki(t) and their one sided Fourier transforms Cy(w) and
K3(w) are related by equations which are analogous to equations (6) and (8)

T

%Cy(t)=— f K3(t—1)Ct)dt, 17)

0
and

C(w)=1/[—io+K(w)]. (18)

One sided Fourier transformation of equation (14) and combination of the result
obtained with equations (8) and (18) gives

$7(0)g,C()

¢3](a))=m- (19)
Since
$7(0)=g,{u0F*>N,
we can obtain from equations (1) and (19) that
(@)= (L) _ Gyg,[1+iwC ()] 20)
R (w) 1+iw(l —g,)C(w)’
where
G, =4ng, (02 YN/KT.
For a rod-like molecule {u}(0)*) are equal to [19]
<ul0)*> =p*[1—(1—3cos? B)S]/3,
QO =1+ (1 - 3oos? ﬂ)S/2]/3,} b
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where yu is the dipole moment of the molecule, S =(3<cos? 8> —1)/2 is the usual order
parameter, f§ and 6 are the angles between the molecular axis and vectors g; and n
respectively. The dipole moment pu may be estimated from [19]

u= IJ’O[("_’GO)2 + 2:!/3’
where u, is the gas phase dipole moment and
(i) =(nl? +2n.2)3.
(The electric field induced moment caused by time dependent collisional motions is
assumed to be much smaller than the permanent moment).
In the low o limit (i.e. 0 =0) equation (20) coincides precisely with the Kirkwood-
Frohlich equation for the anisotropic case [19]
[£3(0) — (%" {3 (0) — 0,(0) £} (0) — (n)*]} _ 4n<ul(0)*>g,N
eH0)%, +2)° 9kT
In the limit of high frequencies, i.e. w— o0, when C"y(a)) is expanded as [16]
i KEOEO)
o 0w
and the internal field factor R(w) tends to unity, equation (20) becomes

4nN<p}(0)i}(0))
kTw?

(22)

Cylw)= +0(™%),

eXw)=(nL)* + +O(w™4). 23)
Thus, in this limit the dielectric permittivity £¥(w) does not depend on the correlation
parameter g,

From equation (23) and one of the Kramers—Kronig relations

0 7

2 w'e(w’
- =2 [ EH D

0 " —w
which leads to the following high frequency asymptotic expansion
7 2 2 © r M, r / —4
gw)=(nL) —— w'e)(@)do’ +O@™*),
mw? ),

we obtain the sum rules

J ® wel(w) do = 2N <u¥(0)ﬁ.?(0)>, (24)
o kT
and
'f ” w3 elw) + e @) + &) (w)] do = — 2°N <“;€(2) O . (25)
0

The average {u;(0)- 1,(0)) in this equation may now be evaluated by differentiating the
motion equation (11) and taking into account the known equation of rigid body
rotation

~d
I QH)=N{1), (26)
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where [ is the inertia tensor and N(¢) is the torque acting on the ith molecule. We find
d 2
27 O+ QF(e)pt) — QN pAt)2{1))

=[N — m)( N @
Thus

{0)iaf0)> = — u?<(QF(0)> + {(0)R(0))*). (28)

Equation (20) can be used to evaluate the dielectric permittivity spectra e*(w) in the 0—
THz frequency range provided the molecular correlation function spectra ¢ y(ou) and
correlation factors g, are known. Unfortunately, exact calculations of the spectra o) Jw)
and g, factors are very difficult tasks and can be carried out only for model systems by
computer simulation (since the computer simulation method allows us to calculate the
spectra CNV(w) and 473'((0) and the factors g, independently it would be interesting to
make use of computer experiments in order to test the validity of equation (19)).
However, in order to evaluate the spectra £}(w) we can estimate the values of g, from the
Kirkwood-Frohlich equation (22) and make use of experimental spectra C JAw)
obtained from infrared rotation/vibration absorption spectra. Furthermore, we may
hope that models of molecular reorientation which give simple spectra C’Y(w) will prove
to be applicable to semiquantitative evaluations of spectra &}(w).

As a first example let us consider the well-known rotational diffusion model in a
mean field potential.

4. Rotational diffusion in a mean field potential
For known versions of this model (e.g. [10-13]) the molecular dipole correlation
functions C,(t) and their spectra C,(w) may be written as

Ny
C()= ) ajexp(—t/t), (29)
n=1
and
~ Ny
Clw)= ), ai/(l—iwt)), (30)
n=1
where 1} are the relaxation times
Ny
ay=1, N,>21,
n=1

(the values of N, and N, depend on the shape of the mean field potential). Substitution
of this equation into (19) yields

_ #00, ¥, 4 [1 (1-io
@y (@)= ” . (31
ﬁ (1 —iowt)+io(l—g,) Z at! ﬁ (1 —iwt)
k(k #n)

Decomposing the right hand side of this equation into simple fractions, we find

)=} ¥ brezi(1-ioy), 62
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or in the time domain
HO=4Y0) ¥, brexp(—2),
where (z,7)~! are the roots of the following equation of degree N,

Ny N N
Py()= ] 607 ~x)+x(1=g) §, & [] [@7'-x1=0, (33

k#n)

the coefficients b} are functions of g,, a}, and t}(m=1... N,) and satisfy the condition

Ny
¥ br=1.
n=1

Inserting this equation into equation (20) we obtain

£5(@)— (n},)* E s

== 1—iot)).

Ry~ O L, Bl i) (34)

For example, let us consider the cases when N,=1and N,=2. If N,=1 we have
Y=g, and b}=aj- 35)

For R, given by equation (4) for the case of n, = 1 equations (34) and (35) lead to the
same results as those predicted by the theory of Edwards and Madden [14] if it is
applied to the diffusion model with the same assumptions.

If N, =2 the values of (r;)) ! are equal to the roots of the square equation P,(x)=0
(33) and are given by

(17 ,) " '=[4,+B,]/2g,7}%, (36)
where
A,=ajti +ajth+g, @it + a;t}),
and
B,=(A2—4g,7,1,)'".

The coefficients b, are determined from the following system of equations

bity +biry =g, (@it} +aj1d),
G7)
bl +by=1,
subject to equation (36). The result is
by=—g@it] +ayrh)B; ' —(C,— )7}, (38)
b,=g, (a7} +a3t})B; '+ C(C,—1)71, (39)

where

C,=(4,— B))/4g,7i7.
Unfortunately, the rotational diffusion model is only applicable to the low frequency
range (wt) <1). As an example of a model which may be used in the high frequency
range (up to ~5THz) as well, we consider the extended rotational diffusion in the
Maier-Saupe potential [10, 13,21]

U(B)= —U,cos? 6, (40)
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where U,=3A48/2V?, A is a constant, S is the order parameter and V is the molar
volume. The model of extended diffusion in the potential U () given by equation (40)
was proposed and simulated numerically for the isotropic case in [24]. We now give the
analytical solution for the anisotropic case.

5. Extended rotational diffusion in the Maier—Saupe potential
This model has been discussed in detail elsewhere [17,24]. Here only a brief
description of the model is given. It is assumed that a classical rigid rotator, whose
permanent dipole moment is 4 and moment of inertia is I, rotates in the potential given
by equation (40). Rotation of the dipole is interrupted by instantaneous collisions, i.e.
the duration of collisions is assumed to be much smaller than the average time between
collisions, 7. The collisions take place at random times governed by a Poisson law and
randomize both the magnitude and direction of the angular velocity €2, the random
values of Q being governed by a Boltzmann law. It is also assumed that collisions do
not change the orientation of a rotator in space. In this version of the model we
introduce two adjustable parameters t and U, which are in close relation to the
molecular dynamics of its physical meaning and hence they may be considered as
quantitative characteristics of molecular reorientations in liquid crystals.
In the framework of the memory function approach the model under consideration
may be formulated as follows. Let us introduce the memory function

K3(t)=K(t) exp(—t/1), 41)

where K(t) is the memory function corresponding to the correlation function Ci(t) for
collisionless rotation of a dipole in the potential U(8). The functions K(t) and C$(z)
are related to each other by

iC;(t)= - J t Ki(t—1t)Ci(r')dr . (42)
dt o

By means of one sided Fourier transforms the system of equations (17),(41) and (42) can
be easily solved

~ Ce(w +i/7)
Clwy=—FL"—"7 |
A2 =1 Ci(w +if9)/c
Exact formulas for the Fourier-Laplace transforms 5ﬁ|(w+i/r) and C(w+i/) for
collisionless rotation of a dipole in the Maier-Saupe potential have been derived in
[17]. Equations for C(w+i/7) and C(w+i/t) are given in Appendix B.
The real, y'(w), and imaginary, x"(w), parts of the normalized complex polarizability
rw)=1+ iwéy(w),

N+ (lw— 1/t)C~§(w+ i/7)
T 1-Co+iyr

(43)

and the function nwy’(w), which corresponds approximately to the absorption
coefficient o(w) given by equation (7), are shown in figures 1 and 2 for different values of
the model parameters t and p?=U,/kT Substituting Cy(w) from equation (43) into
equation (19) we can obtain

Y 0)g,Ci(w+ifx)
1+[io(l —g,) 1 ICHw+ifr)

Plw)= (44)
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Figure 1. Thereal, }(w), and imaginary, yj(w), parts of the normalized complex polarizability
and nwy|(w) as functions of wn for different values of the model parameters p? and
n/t:n/t=05 and p*=0 (curves 1); p>=1 (curves 2); p> =2 (curves 3); p>=2 and /=01
(curves 4); n/t=0-4 (curves 5); n/t=1 (curves 6).

The frequency dependencies Re {¢(w)} given by equation (44) are usually lorentzian
with a half-width ~(z))”!, where

7y = $7(0)/$}(0),

_ € i)
ShTIE )
is the macroscopic dipole moment relaxation time, and with a prominence on the high
frequency wing of the spectra. At some values of the model parameters 7 and U,, this
prominence may be displayed as a separate maximum which is due to librations of

molecules.
Now using equations (1} and (44) we can obtain

ew)—-m) 9,61 +ioCiw+il1)]
Rfw)  1+[iw(l—g)—t 1CYw +i/7)’

(45)

(46)
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ol
wn

Figure 2. The real, ¥\ (), and imaginary, y(w), parts of the normalized complex polarizability
and nwy|(w) as functions of wn for different values of the model parameters p? and
njt:n/t=05 and p?=0 (curves 1); p? =1 (curves 2); p> =2 (curves 3); p>=2 and n/t=01
(curves 4); n/t=04 (curves 5); n/t=1 (curves 6).

where
Gy =4mPNAp), G.=2mp*N(1—A(p))
and

P -1
/\(p)=[2p exp(—p?) L exp (x?) dX] —1/2p?).

Notice some important properties of the model in question.
(i) In the low frequency limit (wt) <1) equation (46) may be reduced to

8;‘((1}) - (nzo)z _ Gygy

= 47
R(w) 1—iwt’ “7)

where 1) is given by equation (45). If collisions are frequent enough (i.e. /7> 1, where
n~1=(2kT/I)}/? is the average thermal angular velocity), then taking into account that
C¢(z) has the following asymptotic expansion

Ci(2)=ifz—iC(0)/z3+ Oz %), z—o0,
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where
Alp)—1
2n2A(p)’

from equation (45) we can obtain

_ - 29°A(p) v 2n(1—=A(p)
oAy TR AR @
Equations (48) for C¢(0), which are defined as
C5(0)= (1, (0)it,(0)>/{p{0)*,

were obtained with the help of equations (B 2) and (B 3) in Appendix B. For the case of
p?> 1 equations (49) are simplified to

A(p)+1

€il0= A - D)

Ci0)= (48)

N=g20%0%1, W=g.n%/p’s, (50)
while in the opposite limit (p?« 1)
ti=gn*(1+2p%/5)7, Y=g.n*(1—p*/S)x. (51)

As seen from equations (50) and (51) with an increase in the potential barrier p? the
relaxation time { is enhanced while the relaxation time 7' is decreased. It can be shown
that such behaviour of 77 is valid for arbitrary values of 7/t as well.

(i)) In the absence of the potential (i.e. in the limit U,—0) the results obtained
coincide precisely with those predicted by the J-diffusion model [18].

(iii) The sum rules from equations (24) and (25) become

o) 2 ZN
f wef(@)do=2"2—[1-A()], (52)
0
e 2.2
f (@) do =" (14 A (53)
0
and
3] 4 2 2N
J O W) (@) + 2 ()] do=— 3’; . (54)

It is of importance that for the average dielectric loss (¢}(w)+2¢(w))/3 the integral
absorption does not depend on the potential magnitude U, and (explicitly) temperature
and coincides precisely with the sum rule of Gordon [1]. In the high barrier limit
(p*>1) the sum rules from equations (52) and (53) are simplified to

0 27[2 2N o0 7'62 2N
f TR f E22-p2) (55)

. wejj(w)do = 1p? . we(w)do = i
Within the framework of the model under consideration we can account for the
specific features of dielectric spectra of nematic liquid crystals at low (radio/microwave)
frequencies and in the far infrared range.

At low frequencies the model describes the relaxation (Debye) spectrum. In such a
case the results from equations (49)-(51) are in qualitative agreement with the available
experimental data (e.g. [19]) and with theoretical estimates [10, 13], from which it
follows that the relaxation time 7| increases and 7 decreases in nematic liquid crystals
as compared to the relaxation time in the isotropic phase. The essential difference
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between the theories [10,13] is that for the model in question the relaxation times
depend on the microscopic parameters t and U, which are closely associated with
molecular dynamics and the predicted equations (49){51) contain the effects of the
orientational dipole—dipole correlations as well as those dynamical effects discussed in
[10,13]; it is in agreement with the theory of Edwards and Madden [14]. In the far
infrared range, on the basis of the model considered, we can also reproduce the
librational absorption band (Poley absorption) and account for the excess absorption;
i.e. the excess of the intensity of this band over the Debye plateau [1]. Moreover the
model allows us to explain the features of the polarized spectra [25, 26]: the increase in
absorption for the case ELn(y= 1) and the decrease in absorption for the case
E|n(y= ||} compared to the isotropic phase (see equations (55)). Physically this is due to
the fact that for E||n the charges of a molecular dipole are moving for most of the time
perpendicularly to the field E(t) and hence absorb the electromagnetic wave energy
poorly, whereas at E Ln these charges move mostly in the direction of the field E and
hence interact effectively with it. This result is in agreement with available experimental
data (e.g. [25,26]).

The sum rules from equations (52)-(55) can be used to evaluate the magnitude of
absorption due to variable dipole moments that are induced by the nearest
environment and collisions of molecules [ 1]. Just as for isotropic liquids, the magnitude
of the induced absorption in liquid crystals can be estimated from the difference A
=TI1,,p — ipeor» where Il is the theoretical value of the corresponding sum rule and
I1,,,, is the experimentally measured magnitude of the integrated absorption intensity.

The use of the elaborated theory in more careful comparisons with experimental
data and the generalization of the model for the case of an arbitrary direction of the
dipole moment with the long axis of a molecule will be investigated in subsequent work.

I wish to thank Professors V. I. Gaiduk and O. V. Betsky for their interest in the
present work.

Appendix A
For the internal field factor R (w) given by equation (4) we can make a further
transformation of equation (9). Indeed we have from equation (4) and (9)

[e}(@) — ()’ 1{e}(0) — 0, OLFO) = ()T} 4n¢(0)
[e*()—£4(0)10,(0) + £}(0) kT —io/KNw)]’

Taking into account that according to equations (1) and (3) or equation (A1) the
dielectric constant tensor £¥(0) is given by

[ef() — () {7 (0)— 0 (0)[}(0) — (n,)*]} _ 4npy(0)

(A1)

e*(0) kT (A2)
we obtain from equation (A 1)
ew)—(nL)? , [eHew)—ef(0)]s,0)+£50)
FO-0)7 0T I—iwR@ (A3
or
efw)— () |, [50)—(n,)*]o,(0)] _ [e}(w)—(n})*]0,(0) +£3(0)
eX(0)—(n2,)? {gv(o)_ 1—iw/KNw) }' 1 —iw/KYw) - A9
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Algebraic transformations of equation (A 4) lead to

eXw)—(nL)? [ iwe¥(0) ]“ 1
#O - | RN @)— 50100 + 510} (43
Taking into consideration equation (A 2) we can rearrange equation (A 5) as
ey(w)— (%)’ 1
S0, 1= s @0 ) (49
where
kT

For the case of non-polarizable molecules (i.e. n?, = 1) equations (A 6) and (A 7) coincide
with those predicted by the theory of Edwards and Madden [147]; the difference is that
in [14] another definition for the memory function K%(z) was used.

Appendix B
To describe the orientation of a dipole let us introduce the polar angles 0, ¢, where 6
is measured from the z axis. The Fourier-Laplace transforms of the molecular dipole
correlation functions Cé(t) for a collisionless rotating dipole in the Maier-Saupe
potential from equation (40) are given by
~ , ® . < O) ()
Ci(w+i/t)= J exp [(iwt — 1 /)] — =L~
V o P o
where p(t)= pcos 6(t) and p, (t) = p sin 6(t) cos ¢(t) are determined by solving equation
(27) which in the case under consideration is reduced to the following non-linear
equations of motion

dt, B1)

d? 2H 2U 4U
pre] @) +—— 7 u“(t)=—1—0u“(t)~—219yﬁ(t), (B2)
d? 2H 4U
iz pi()+— T mi(t)=— i > 1 (O ). (B3)
Here the energy
QZ 2 2
a="20  yey- i (t) [ fg)o 5~ Uocos? ),

is a constant of the motion,  is the angular velocity of the dipole
pe=10 and p,=I¢sin?6,

are the angular momenta canonically conjugated to the angles 6 and ¢ respectively, the
brackets {(...)) designate an ensemble average

{.)p=C" f 0 f O" J io f f (...yexp (— H/KT) df(0) dp(0) dpy(0) dpy(0), (B4)

[
C= 87:21ij exp(—x?)dx/p, p?=Uy/kT.
4]
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For further treatment it is convenient to make use of the normalized variables
U=t/n, z=(w+i/tm, ult)=pO)/u, h=H/KT,

where n=(I/2kT)"/?. Taking into account that p, is a constant of the motion, we obtain
from equation (B 2) after integration

2
(%u”(t’)) =[h+p*uy(I1 —uf()] -2, (BS)
where r?=p}/21kT. The Fourier-Laplace transforms ¢ A +i/7) can be calculated by
the same general mathematical method that was used in [27,28] to evaluate the
Fourier-Laplace transform of the orientational autocorrelation function for a system
of free asymmetric-top molecules.

The solution of equation (B 5) with initial condition u(0) = cos 6(0) can be expressed
in terms of the jacobian doubly periodic functions dn (u|m) and cn (ujm) [29]

0 ()= ey?dn(slk?), k<l (B6)
B ey enkslk™2), k>1, (B7)

where

s=pex?t' +&, k*=(e,—e,)/e,,

cos 8(0)
E=e;? f [(x* —e; e, —x?)] ™2 dx,

e3f?
e, and e, are the roots of the square equation (h+ p%x)(1 —x)—r?=0

(p*-h 1 (*—h 1
€= 2p2 —QF[(PZ‘*’}')Z_“PZ"Z]UZa €= 2p2 +2_p2
The inequalities k < 1 and k> 1 are valid in two regions of physically possible variations

of the variables h and r. On the {h,r} plane these regions are determined by the
inequalities

[(o® +h)* —4p*r*]' 72,

Qplrl—pYH)<h<r® and h>r2

The solution from equation (A 6) describes librations of a dipole in the potential wells
(in the vicinity of § =0 and 0 =) while the solution from equation (B 7) corresponds to
rotation hindered by the potential.

In order to evaluate the integrals in equations (B 1) and (B 4) we introduce the
variables {¢, ¢, h, 1} instead of {6, ¢, p,, p,}; the jacobian of the transformation of the
variables is given by

_ (060 ¢6p,,5p¢)
(0E0¢pOhdr) °
IkT

172"
pey!

(B8)

Then we use the following Fourier series expansions of the elliptic functions cn (u}m)
and dn (u|m) (see [30])

2n 2 glm)y i n(n+1/2u

Cn(ulm):m”zK(m) n[:\:o 1+q(m)2"“ COos K(m) »

(B9)
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_n 2 & g(m) Ty
dn(ulm) =5 gom T Kom) /2 T+ g K m)”

(B 10)

where
g(m)=exp [ —nK(1—m)/K(m)],

K(m) is the complete elliptic integral of the first kind [29]. The analytical integration
over ¢, ¢ and ¢’ in equation (B 1) taking into account equations (B 4)-(B 10) and after
tedious algebra leads to

- in 0 (h+p2)/2p 02 (M(B+p2)/2p7] s
c‘n(w+i/r)=?_{n 2 L + L Lm ]Zl C,(zIk?) dhdr
—-p n=

© [RY2 o
—J J Y Cpue (k™ zlk™2)dh dr, (B11)
0 [} n=1
where
: 1/2 —h—p?02[p—F -1
C. ulm) = i2nmey/* exp ( p)p*[p—F(p)]

nnK(1 —m) 2uK(m) 12’
uK(m)ch? [———2K(m) j'{ 1— [——————nnpe 1 /2] }
F(p)=exp(—p? fp exp (x?) dx,

o

is the Dawson integral [29]. The integration over & and 7 is calculated numerically.
There are two ways to find u, (¢'). The first one is to solve equation (B 3) directly

which is reduced to the Lambe equations [31]
d 2
Tt 18 =[A+n(n+ )k?sn?(sk?)]u,(s), (k<1),

2

sy 3(3)2 u (ks)=[Ak™ 2 +n(n+ 1)k~ 2sn? (kslk~2)Ju, (ks), (k>1),

where n=1and 4=(h+2e,p?)/e,p*. The second way is to express u, (t) via u(t') given
by equations (A 5) and (A 6) and ¢(t'); the latter can be found from the constant of
motion p,(0) = @(¢) sin> 6(z). We find easily that

s dx

¢ l—e,dn?(x|k?)’

Let us make use of the second way. For k<1 we have

,
¢(t)=¢(0)+pe§,2 f (B12)

s d
u,(€)=[1—e; dn* (k] cos [¢<0)+ ol f Frwre kz)],

or

u, (t')=(1 —e)[1 —k?sn? (iak?) sn? (s|k?)]/?

r s dx
x 008 [‘“0) T el (1= L 1—kZsn? (ialk?)ysn? (x;k2)]’ (B13
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where sn? (iglk?)=e,/(e;— 1), sn(ulm) is the jacobian elliptic function [297]. Using
known formulas [29, 30]
Ou+a)®u—a)
Ou)*0(a)* ’

" dx —ut sn (alm) O'(a) + 1 i BOu—a)

o 1—msn?(alm)sn®(x|m) " cn(almydn(am)| O(a) 2 f Ou+a |
©'(a) _H'(a)  cn(alm)dn(alm)
®(a@) H(a) sn(ajm)

where @(u) and H(u) are the © functions [29], the prime ' designates differentiation with
respect to a, we can express u,(t') as

1 —msn? (alm) sn? (ujm) = ©%(0)

o (1=e))'20(0) . - @ls+ia) [ O —ia) ]'?
“i(t)—w{e"l) {i[p(0)+ Ar']} o) [®(f+ia):l
. - O(s—ia) [ O +ia) |72
+exp {—i[H(0)+it']} o6) [@(é—ia)] }, (B 14)
where A=ipe}/*H'(ia)/H(ia), the parameter a is given by
a=F(arctg(jsn (ialk?)))|1 — k?), (B15)

F(a|m) is the incomplete elliptic integral of the first kind [29].

For the case k>1 the expression for u (f) has the same form as that given by
equation (B 14) with the only difference, namely the parameters k2, 4, s and & must be
everywhere replaced by k™2, kA, ks and k¢ respectively and the parameter a must be
determined from the equation sn? (ialk~2)=(e, —e,)/(e, — 1) which has the solution
given by equation (B 15).

Further calculations can be carried out as described. Namely, using the known
Fourier series expansion (see [30])

B(u+a) _ nH(@) > exp [innu/K(m)] (B16)
0w 2KmHO) v = o) {2 K”(m) [a+2inK(1— m)]}

and integrating analytically over &, ¢ and t’, we can obtain

- ] in 0 (h+p2)/2p p2 ((h+p?)/2p w© )
Cj(cu-i-l/r):?—{[j f +J J / J Y. S,(zlk*) dhdr
_92 Es) [+ h1/2 n=-—o

o [*ht/2 ©
— J J Y S,k 'zlk=2)dhdr, B17)
0 0

where
inney’* exp(—h—p?)p’[Fp)2p*+ 1)—p]~*
T

uK(m)sh? { TRy 4+ 20K —«m)]}{l 2 [x + "’;’zrej)/z ]_2} .

The integrations over r and h remain numerical. As for asymmetric top molecules
[27,28] the final results given by equations (B 11) and (B 17) have the form of a very
rapidly converging series of double integrals that is the consequence of the very rapidly

Sy(ulm)=
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converging series from equations (B9), (B 10) and (B 16) in all cases, except when
moduluses k and k™! are very near unity. These results are exact and are convenient for
numerical calculations.

Itis of importance to notice that in the absence of the potential U(f) equations (B 11)
and (B 17) are reduced to

C(w+ijt)=C(w+ift)= —inze “E,(—z%), (B18)

where E,(x) is the integral exponential function [29], that is in full agreement with the
result of the free rotation model [18].
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